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O I Abstract: Lagrangian contact supersymmetries (depending on derivatives of arbitrary or- 
der) are treated in very general setting. The cohomology of the variational bicomplex on an 
arbitrary graded manifold and the iterated cohomology of a generic nilpotent contact super- 
symmetry are computed. In particular, the first variational formula and conservation laws 
for Lagrangian systems on graded manifolds using contact supersymmetries are obtained. 

<N . 

1 Introduction 

> 

00 ! At present, BRST transformations in the BV formalism [7, 24] provide the most interesting 
^ example of Lagrangian contact supersymmetries, depending on derivatives and preserving 
Q ■ the contact ideal of graded exterior forms. Much that is already known regarding Lagrangian 
. BRST theory (including the short variational complex, BRST cohomology [4, 5, 8], Noether's 
conservation laws [5, 16, 19]) has been formulated in terms of jet manifolds of vector bundles 
(see [5] for a survey) since the jet manifold formalism provides the algebraic description 
p • of Lagrangian and Hamiltonian systems of both even and odd variables. In spite of this 
5^ ■ formulation, most authors however assume the base manifold X of these bundles to be 
contractible because, e.g., the relative (local in the terminology of [4, 5]) cohomology are not 
trivial even when X = M". 
^ I Stimulated by the BRST theory, we consider Lagrangian systems of odd variables and 

' contact supersymmetries in very general setting. For this purpose, one usually calls into play 
fiber bundles over supermanifolds [12, 13, 17, 34]. We describe odd variables and their jets 
on an arbitrary smooth manifold X as generating elements of the structure ring of a graded 
manifold whose body is X [32, 38, 39]. This definition differs from that of jets of a graded 
fiber bundle [27], but reproduces the heuristic notion of jets of ghosts in the field-antifield 
BRST theory on M" [5, 9]. 

Our goal is the following. Firstly, we construct the Z2-graded variational bicomplex on a 
graded manifold with an arbitrary body X, and obtain the cohomology of its short variational 
subcomplex and the complex of one-contact graded forms (Theorem 4.1). In particular, the 
first variational formula and conservation laws for Lagrangian systems on graded manifolds 
using contact supersymmetries are obtained (formulae (5.4) - (5.5)). 

Secondly, the iterated cohomology of a generic nilpotent contact supersymmetry is com- 
puted (Theorems 6.2, 6.4 and 6.5). In the most interesting case of the form degree n = dimX, 
it coincides with the above mentioned relative cohomology. Therefore, we extend the results 
of [5] and our recent work [21] to an arbitrary nilpotent contact supersymmetry. 
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As is well-known, generalized (depending on derivatives) symmetries of differential equa- 
tions have been intensively investigated [3, 11, 29, 30, 35]. Generalized symmetries of La- 
grangian systems on a local coordinate domain have been described in detail [11, 35]. The 
variational bicomplex constructed in the framework of the infinite order jet formalism en- 
ables one to provide the global analysis of Lagrangian systems on a fiber bundle and their 
symmetries [2, 22, 32, 42]. Sketched in Section 2 of our work, this analysis is extended to 
Lagrangian systems on graded manifolds (Section 3). 

Recall that an r-ordcr Lagrangian on a fiber bundle Y ^ X is defined as a horizontal 

n 

density L : J^Y — > AT*X, n = dimX, on the r-order jet manifold J^Y of sections of 
y — > X. With the inverse system of finite order jet manifolds 

X^Y<^J^Y < r-^Y^MrY< , (LI) 

we have the direct system 

0*(X) ^ 0*(Y) ^Ol^--- 0;_^ "-H* O*^--- (L2) 

of graded differential algebras (henceforth GDAs) of exterior forms on jet manifolds with 
respect to the pull-back monomorphisms 7r^_i*. Its direct limit is the GDA consisting 
of all the exterior forms on finite order jet manifolds modulo the pull-back identification. 
The exterior differential on (9^ is decomposed into the sum d = + dy of the total 
and the vertical differentials. These differentials split into a bicomplex. Introducing 
the projector g (2.3) and the variational operator 6, one obtains the variational bicomplex 
(2.4) of O^. Its dH- and 5-cohomology (Theorem 2.1) has been obtained in several steps 
[1, 2, 22, 35, 41, 42, 43]. 

In order to define the variational bicomplex on graded manifolds (Section 3), let us recall 
that, by virtue of Batchelor's theorem [6], any graded manifold (21, X) with a body X is 
isomorphic to the one whose structure sheaf 21q is formed by germs of sections of the exterior 
product 

AQ* = R®Q*®AQ*®---, (1.3) 

XX X 

where Q* is the dual of some real vector bundle Q ^ X. In field models, a vector bundle 
Q is usually given from the beginning. Therefore, we consider graded manifolds (X, 21q) 
where Batchelor's isomorphism holds. We agree to call (X, 21q) the simple graded manifold 
constructed from Q. Accordingly, r-order jets of odd fields are defined as generating elements 
of the structure ring of the simple graded manifold (X, Sljrg) constructed from the jet bundle 
J^Q ^ X of Q which is also a vector bundle [32, 39]. Let C*jrQ be the bigraded differential 
algebra (henceforth BGDA) of Z2-graded (or, simply, graded) exterior forms on the graded 
manifold (X, 21 jr^). A linear bundle morphism 7r^_^ : J^Q — > J^~^Q yields the corresponding 
monomorphism of BGDAs Cjr-iQ C}rQ [6, 32]. Hence, there is the direct system of BGDAs 

C*Q^C*j,Q-.-''Hc*j.Q^---, (1.4) 

whose direct limit consists of graded exterior forms on graded manifolds (X, Sljrg), r e N, 
modulo the pull-back identification. 
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This definition of odd jets enables one to describe odd and even variables (e.g., fields, 
ghosts and antifields in BRST theory) on the same footing. Namely, let F ^ X be an 
afiine bundle and C the C°°(X)-subalgebra of exterior forms whose coefficients are 
polynomial in the fiber coordinates on jet bundles J^ Y — > X. This notion is intrinsic since 
any element of is an exterior form on some finite order jet manifold and all jet bundles 
J^Y — > X are affine. Let us consider the product 5^ of graded algebras and over 
their common subalgebra 0*{X) of exterior forms on X. It is a BGDA which is split into 
the Z2-graded variational bicomplex, analogous to that of O*^. 

In Section 4, we obtain cohomology of some subcomplexes of the variational bicomplex 
when X is an arbitrary manifold (Theorem 4.1). They are the short variational complex 

(4.1) of horizontal (local in the terminology of [5, 8]) graded exterior forms and the complex 

(4.2) of one-contact graded forms. For this purpose, one however must: (i) enlarge the BGDA 
(S^ to the BGDA r(6^) of graded exterior forms of locally finite jet order, (ii) compute the 
cohomology of the corresponding complexes of r(6^), and (iii) prove that this cohomology 
of r(6^) coincides with that of «S^. Following this procedure, we show that cohomology of 
the complex (4.1) equals the de Rham cohomology of X, while the complex (4.2) is globally 
exact. 

Note that the exactness of the short variational complex (4.1) on X = has been 
repeatedly proved [5, 8, 14]. One has also considered its subcomplex of graded exterior 
forms whose coefficients are constant on R". Its dij-cohomology is not trivial [5]. 

The exactness of the complex (4.2) enables us to generahze the first variational formula 
and Lagrangian conservation laws in the calculus of variations on fiber bundles to graded 
Lagrangians and contact supersymmetries of arbitrary order (Section 5). 

Cohomology of the short variational complex (4.1) and its modification (6.2) is the main 
ingredient in a computation of the iterated cohomology of nilpotent contact supersymmetries. 

By analogy with a contact symmetry (Proposition 2.3), an infinitesimal contact super- 
transformation or, simply, a contact supersymmetry v is defined as a graded derivation of 
the M-ring such that the Lie derivative L„ preserves the contact ideal of the BGDA S^. 
The BRST transformation v (5.7) in gauge theory on principal bundles exemplifies a first 
order contact supersymmetry such that the Lie derivative L„ of horizontal graded exterior 
forms is nilpotent. This fact motivates us to study nilpotent contact supersymmetries in a 
general setting. 

The key point is that the Lie derivative L„ along a contact supersymmetry and the total 
differential dn mutually commute. When hy is nilpotent (Lemma 5.3), we suppose that the 
dij-complex S^* of horizontal graded exterior forms is spht into the bicomplex {5'''''"} with 
respect to the nilpotent operator 

s„0=(-l)l^lL„0, 0e^^*, (1.5) 

and the total differential dn- In the case of the above mentioned BRST transformation v 
(5.7), s„ (1.5) is the BRST operator. One usually studies the relative cohomology H*'*{sy/ dn) 
of s^; with respect to the total differential dn (see [15] for the BRST cohomology modulo the 
exterior differential d). This cohomology is not trivial even when X = W^, but it can be re- 
lated to the total (s„ + djif)- cohomology only in the form degree n = dimX. We consider the 
iterated cohomology H*'*{sy\dH) of the bicomplex {S^'"^} (Section 6). In the most interest- 
ing case of form degree n — dimX, relative and iterated cohomology groups coincide. They 



3 



naturally characterize graded Lagrangians L E S*''^, for which v is a variational symmetry, 
modulo Lie derivatives L^;,^, ^ G S^', and rfji^-exact graded exterior forms. 

Using the fact that rfji^-cocycles are represented by exterior forms on X and that any 
exterior form on X is s^^-closed, we obtain the iterated cohomology H*'"^^"'{sv\dH) (Theo- 
rem 6.2) and state the relation between the iterated cohomology if*'"(s^|(i/f) and the total 
(s„ + dij)-cohomology of the bicomplex S*'* (Theorems 6.4 and 6.5). Note that the relative 
cohomology has also been studied when the dj^-cohomology need not be trivial ([5], Section 
9.6). Theorem 6.5 generalizes this and our result in [21] to an arbitrary nilpotent contact 
super symmetry, when it may happen that an exterior form on X is s^-exact. 

2 Lagrangian contact symmetries. Global analysis 

Smooth manifolds throughout are real, finite-dimensional, Hausdorff, second-countable (hence, 
paracompact) and connected. 

The projective limit {J°°Y, tt^ : J°°Y — > J^Y) of the inverse system (1.1) is a paracom- 
pact Prechet manifold [42], called the infinite order jet manifold. A bundle coordinate atlas 
{{Uy; x^, y')} of TT : y — > X yields the coordinate atlas 

{iiO-\Uyy,x\yi)}, y^A = g^xd^y'^^ ^ < \M, (2-1) 
of J°°Y, where A = (Ajk...Ai) is a symmetric multi-index, A -|- A = (AAfc...Ai), and 

dx^dx+Yl yi+A^t dA^dx^o...odx„ A = (A,...Ai), (2.2) 

|A|>0 

are the total derivatives. Hereafter, we fix an atlas of Y and, consequently, that of J°°Y 
containing a finite number of charts [26]. Restricted to the chart (2.1), the GDA can 
be written in a coordinate form; horizontal forms {dx^} and contact one-forms {6\ — dy\ — 
Z/a+a^^'^} i^^-ke up a local basis for the O^-algebra (9^. 

There is the canonical decomposition = ©C^™ of into C^-modules of k- 
contact and m-horizontal forms together with the corresponding projections hk : O*^ — > 
and /i™ : O*^ O*^. Accordingly, the exterior differential on is spht into the sum 
d — dn -\- dv oi the total and vertical differentials 

dHohk^ hkodo hk, dn oho^ hoo d, dH{(t>) = dx^ A dx{<t>), 
dyohr ^h!^ odo hr, dv{(t>) = A 9f 0, e O^. 

One also introduces the M-module projector 

Q = Y.\~Q°hkoK\ = Y: (-1)'^'^* A [d^idtm, <P e 0>°'", (2.3) 

fe>0 |A|>0 

of such that go dn = and the nilpotent variational operator S — go dy on O^. Put 
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Ek — q{0^). Then the GDA is spht into the variational bicomplex 



(>^1,0 '^g^ Ql,l <^H^ . . . Ql,m <^g) . . . Ql,n g ^ 

dvj dv^ dv^ dv^ 



-5 

O^M^ ^ O^'^ = 0^" 

7r°°*| 7r°°*| 7r°°*| 7r°°*| 

t t t t 



(2.4) 

Its cohomology has been obtained in several steps (see the outline of proof of Theorem 2.1 
in Appendix A). 

Theorem 2.1. (i) The second row from the bottom and the last column of this bicomplex 
make up the variational complex 

o^]R^o^^c»^^---^o^"^£;i^£;2^--- . (2.5) 

Its cohomology is isomorphic to the de Rham cohomology of the fiber bundle Y . (ii) The 
rows of contact forms of the bicomplex (2.4) are exact sequences. 

One can think of the elements 

L^Cuje C^", 5L= {-iy^^dA{d^£)e' AujeEi, u^dx^ A---A dx", 

|A|>0 

of the variational complex (2.5) as being a finite order Lagrangian and its Euler-Lagrange 
operator, respectively. 

Corollary 2.2. The exactness of the row of one-contact forms of the variational bicomplex 
(2.4) at the term relative to the projector g provides the ^.-module decomposition 

O]^ ^E^e dniOli^-') 

and, given a Lagrangian L G C^", the corresponding decomposition 

dL^SL- dff^. (2.6) 



The form S in the decomposition (2.6) is not uniquely defined. It reads 

s=0 

where local functions h G Cj^ obey the relations h'^ = 0, fi^'^'^'^''-^^--'^'^ = g. It follows that 
Si = S + L is a Lepagean equivalent of a finite order Lagrangian L [25] . 
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The decomposition (2.6) leads to the first variational formula (2.15) and the Lagrangian 
conservation law (2.16) as follows. 

A derivation v G of the M-ring such that the Lie derivative L^, preserves the 

contact ideal of the GDA (i.e., the Lie derivative L„ of a contact form is a contact 
form) is called an infinitesimal contact transformation or, simply, a contact symmetry (by 
analogy with C-transformations in [30] though v need not come from a morphism of J°°Y). 
Proposition 2.3 below shows that, restricted to a coordinate chart (2.1) and a GDA O* of 
finite jet order, any contact symmetry v is the jet prolongation of a generalized vector field 
in [35]. 

Proposition 2.3. (i) The derivation module 'OO^ is isomorphic to the O^-dual (C^)* of 
the module of one-forms O^. (ii) Relative to an atlas (2.1), a derivation v e 9(9^ is given 
by the expression 

v^v^d^ + v%+ Yl (2-7) 

|A|>0 

where v^, v\ v\ are local smooth functions of finite jet order obeying the transformation law 

(Hi) A derivation v (2.7) is a contact symmetry iff 

v\ = df,{v' - y^v^) + < |A|. (2.9) 



Proof, (i) At first, let us show that is generated by elements df, f e C^. It suffices to 

justify that any element of Ol^ is a finite O^-linear combination of elements df, f G (9^. 
Indeed, every G is an exterior form on some finite order jet manifold J^Y. By virtue of 
the Serre-Swan theorem extended to non-compact manifolds [36, 40], the C°°(J''y) -module 
O* of one- forms on J'^Y is a projective module of finite rank, i.e., (f) is represented by a 
finite C°°( J''y)-linear combination of elements df, f G C°°{J'^Y) C O^. Any element 
$ G (C^)* yields a derivation Vcs>{f) = $((i/) of the M-ring O^. Since the module is 
generated by elements df, f G O^, different elements of (O^)* provide different derivations 
of O^, i.e., there is a monomorphism (O^)* By the same formula, any derivation 

V G c)C^ sends df i— > v{f) and, since Cj^ is generated by elements df, it defines a morphism 

: — > C^. Moreover, different derivations v provide different morphisms Thus, 
we have a monomorphism and, consequently, an isomorphism c)0^ (C^)*. 

(ii) Restricted to a coordinate chart (2.1), (9^ is a free (9^-module generated by the 
exterior forms dx^, 9\. Then 'OO^ = (O^)* restricted to this chart consists of elements 
(2.7), where d\, df" are the duals of dx^, 6\. The transformation rule (2.8) results from the 
transition functions (2.1). The interior product fj0 and the Lie derivative \jv(t>, (t> £ O"^, 
obey the standard formulae. Restricted to a coordinate chart, the Lie derivative sends 
each finite jet order GDA O* to another finite jet order GDA O*. Since the atlas (2.1) is 
finite, 'Lycj) preserves C^. 
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(iii) The expression (2.9) results from a direct computation similar to that of the first 
part of Backlund's theorem [29]. One can then justify that local functions (2.9) satisfy the 
transformation law (2.8). □ 

Any contact symmetry admits the horizontal splitting 

v^VH + vv^ v^dx + i'd'di + ^'^v'- yX, (2.10) 

|A|>0 

relative to the canonical connection V = dx^ ® dx on the C°°(X)-ring [32]. 

Lemma 2.4. Any vertical contact symmetry v — vy obeys the relations 

v\dH(t) = -dH{v\(p), (2.11) 
K{dH(i))=dH{'Lv(i)), (l>eOl. (2.12) 



Proof. It is easily justified that, if (j) and (p' satisfy the relation (2.11), then A 0' does well. 
Then it suffices to prove the relation (2.11) when is a function and (p = 0\. The result 
follows from the equalities 

v\e\^v\, dH{v\)^v\^^dx\ dHei^dx'A0{^^, (2.13) 
dxovidt^vid^odx. (2.14) 

The relation (2.12) is a corollary of the equality (2.11). □ 

Proposition 2.5. Given a Lagrangian L — do e , its Lie derivative hyL along a 
contact symmetry v (2.10) fulfils the first variational formula 

LyL = vv\6L + dHiho{v\EL)) + CdvivH\co), (2.15) 

where El is a Lepagean equivalent, e.g., a Poincare-Cartan form of L. 

Proof. The formula (2.15) comes from the splitting (2.6) and the relation (2.11) as follows: 

L„L = v\dL + d{v\L) = [vv\dL — dyC A -uhJ^^] + [dH{VH\L) + dv{CvH\uj)\ = 

vv\dL + dH{vH\L) + Cdv{vH\^^) = vv\5L — vvldnE + dH{vH\L) + Cdv{vH\^) = 
vv\5L + dH{vv\E + vh\L) + Cdv{vH\^)-, 

where vyjS = hQ{v\'E) since S is a one-contact form, vh\L — hQ{v\L), and = S + L. □ 

Let t; be a variational symmetry of L (in the terminology of [35]), i.e., "L^L — dncr, 
a G O^''^^. By virtue of the expression (2.15), this condition implies that v is projected 
onto X. Then the first variational formula (2.15) restricted to Ker^L leads to the weak 
conservation law 

0^dH{ho{v\EL)-a). (2.16) 
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3 Z2-Graded variational bicomplex 



Let {X, be the simple graded manifold constructed from a vector bundle Q ^ X oi 
fiber dimension m. Its structure ring Aq of sections of 21q consists of sections of the exterior 
bundle (1.3) called graded functions. Given bundle coordinates {x^, q"-) on Q with transition 
functions g'" = Pt?'', let {c"} be the corresponding fiber bases for Q* —>■ X, together with 
transition functions c'" = p^c''. Then {x^, c") is called the local basis for the graded manifold 
(X, [6, 32]. With respect to this basis, graded functions read 



1 



,.Jai...at, 
k=0 ■ 



where fai-ak ^re local smooth real functions on X. 

Given a graded manifold {X, by the sheaf D^q of graded derivations of 21q is meant 
a subsheaf of endomorphisms of the structure sheaf 21q such that any section u of 021q over 
an open subset U C X is a Z2-graded derivation of the Z2-graded ring Aq{U) of graded 
functions on U, i.e., 

u{ff) = u{f)f + /«(/'), /, /' e Aq{U), 

where [.] denotes the Grassmann parity. One can show that sections of OSIq over U exhaust 
all Z2-gradcd derivations of the ring Aq{U) [6]. Let DAq be the Lie supcralgebra of Z2- 
graded derivations of the M-ring Aq. Its elements are called Z2-graded (or, simply, graded) 
vector fields on (X, 21q). Due to the canonical splitting VQ = Q x Q, the vertical tangent 
bundle VQ Q oi Q ^ X can be provided with the fiber bases {da} which is the dual of 
{c"}. Then a graded vector field takes the local form u — u^dx + u"'da, where u^, u"- are local 
graded functions. It acts on Aq by the rule 

«(/a...feC" • • • C") = U^d,{fa...by ■■■C' + u'^faM (c» • • • c'). (3.1) 

This rule implies the corresponding transformation law 

u'^ = u^, = py + u^dx(p'^)c>. 

Then one can show [32, 38] that graded vector fields on a simple graded manifold can be 
represented by sections of the vector bundle Vq — > X which is locally isomorphic to the vector 
bundle AQ* 0^ {Q (Bx TX), and is equipped with the bundle coordinates (iai...afc' '^6i...6fc)> 
/c = 0, . . . , m, together with the transition functions 



3^-3k Jl 1^ 3k 



p)'"bi...hk + (yt - iy_^bi-^k-i^^Pbk 



Using this fact, we can introduce graded exterior forms on the simple graded manifold 
(X, 21q) as sections of the exterior bundle AVq, where Vq — > X is the pointwise A(5*-dual 
of Vq. Relative to the dual bases {dx^} for T*X and {dc^} for Q*, graded one-forms read 
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The duality morphism is given by the interior product 

mJ0 = m^0a + (-1)''^'"W„. 

Graded exterior forms constitute the BGDA Cq with respect to the bigraded exterior product 
A and the exterior differential d. The standard formulae of a BGDA hold. 

Since the jet bundle J^Q — > X of a vector bundle Q — > X is a vector bundle, let us 
consider the simple graded manifold {X, 21jt-q) constructed from J^Q — > X. Its local basis 
is {x^, c%}, < |A| < r, together with the transition functions 

Ca+a = c?A(p-ci), d, = d,+ Y: c^Adt (3.2) 

|A|<r- 

where are the duals of c%. Let C}rQ be the BGDA of graded exterior forms on the graded 
manifold (X, Sljrg). The direct hmit of the direct system (1.4) inherits the BGDA 
operations intertwined by the monomorphisms 7r^_i*. It is locally a free C°°(X) -algebra 
countably generated by the elements (1, c%, dx^, 9% = dc% — c1_^_^dx^), < |A|. 

It should be emphasized that, in contrast with the GDA (9^, the BGDA consists of 
sections of sheaves over X. In order to regard these algebras on the same footing, letY^X 
hereafter be an affine bundle. Then one can show that the GDA is an algebra of sections 
of some sheaf over X (see Appendix B). Let us consider the above mentioned polynomial 
subalgebra of (9^ and the product A of graded algebras and over their 
common graded subalgebra 0*{X) of exterior forms on X. It consists of the elements 

i i 

of the tensor products C*^ ® and <S> of the C°°(X)-modules and which are 
subject to the commutation relations 

V,®0 = (-1)WH0®V', ^eC*^, <l>eV*^, (3.3) 
{ip Aa)^(f)^'tp^{a A(j)), a e 0*{X), 

and the multiplication 

(V' ® 0) A (V'' 0') := (-l)l^'ll'^l(V' A V'') (0 A (/>')■ (3.4) 

Elements ip ® (f) are endowed with the total form degree |'^| + \4>\ and the total Grassmann 
parity [■0]. Then the multiphcation (3.4) obeys the relation 

ipAip' = (-1)I'^II<^'I+MM(^' A if, ip, ip' e cS^, 

and makes A into a bigraded C°°(X)-algebra 5^, where the asterisk means the total 
form degree. Due to the algebra monomorphisms 

one can think of 5^ as being an algebra generated by elements of and For instance, 
elements of the ring are polynomials of c\ and y\ with coefficients in C°°(X). 
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Let us provide with the exterior differential 

d(^®0):=(dc^)®0+(-i)H^®(rf^0), 0eP^, (3.5) 

where dc and d-p are exterior differentials on the differential algebras and V^, respectively. 
We obtain at once from the relation (3.3) that 

d(0 ® V) = idv<l>) <^iP + (-i)l'^l</' ® ((icV'), V' e C e V*^- 

The exterior differential d (3.5) is nilpotent. It obeys the equalities 

d{ip A cp') ^d(pAcp' + {-l^'^^ip A dcp', cp, cp' G <S^, 
and makes S^o into a BGDA, which is locally generated by the elements 

(1, cl, yl dx\ ei = del - cl+Adx\ ei = dy\ - yl+^dx^), |A| > 0. 

Hereafter, let the collective symbols and 9^ stand both for even and odd generat- 
ing elements c^, y\, 9%, 9\ of the C°°(X)-algebra which, thus, is locally generated by 
(1, s^, dx^, 9^), |A| > 0. We agree to call elements of the graded exterior forms on X . 

Similarly to O^^, the BGDA is decomposed into iS^-modules of A;-contact and r- 
horizontal graded forms together with the corresponding projections hk and k''. Accordingly, 
the exterior differential d (3.5) on is split into the sum d — dn + dy oi the total and 
vertical differentials 

^^(0) = dx^ A dx{(j)), dv{4>) = 9tA d^cj), 4> e SI,. 
The projection endomorphism q of 5^ is given by the expression 

Q = Y.\Q'^h,oh\ m= E(-i)""^^A[dA(aij0)], 0e5>r 

fc>0 |A|>0 

similar to (2.3). The graded variational operator S = g o d is introduced. Then the BGDA 
is split into the Z2-graded variational bicomplex 

(0*(X),S*^*, E, = Q(S'^^y,d, dn, dv, Q, 5), (3.6) 

analogous to the variational bicomplex (2.4). 

4 Cohomology of Z2-graded complexes 

We aim to study the cohomology of the short variational complex 

0^R^5^^5^i...^5^»^£;, (4.1) 
and the complex of one-contact graded forms 

^ 5^° ^5^1 ■ ■ ■ ^ (4.2) 
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of the BGDA S^. One can think of the elements 

L^Lue 5^", 5{L) = Yl (-1)'^'^^ A d^idiL) e E, 

|A|>0 

of the complexes (4.1) - (4.2) as being a graded Lagrangian and its Euler-Lagrange operator, 
respectively. 

Theorem 4.1. The cohomology of the complex (4-1) equals the de Rham cohomology 
H*{X) of X. The complex (4-2) is exact. 

The proof of Theorem 4.1 follows the scheme of the proof of Theorem 2.1, but all sheaves 
are sheaves over X. The proof falls into the three steps. 

(i) We start by showing that the complexes (4.1) - (4.2) are locally exact. 

Lemma 4.2. The complex (4-1) on X — W^ is exact. 

Referring to [5], Theorems 4.1 - 4.2, for the proof, we summarize a few formulae quoted 
in the sequel. Any horizontal graded form e admits the decomposition 



oo 

1 



= 00 + 0, 0=/^E 4dl<P, (4.3) 

^ |A|>0 

where 0o is an exterior form on M". Let € ^o^i-<n rfji^-closed. Then its component 
00 (4.3) is an exact exterior form on R" and = dnC, where ^ is given by the following 
expressions. Let us introduce the operator 

~ rl\ ~ 

= / T ^ ^^l^^^'^^ ■ • • Ci'K.--^.-.)9T--'''H^', >^st dx^). (4.4) 
'=>o 

The relation [-0+^, d^]0 = 5^0 holds, and leads to the desired expression 

^^^ (n-m-1)' p^^^^ P, = d,,---d,,D+^^---D+^^ (4.5) 

fc=o {T^ — + i^r- 

Now let G 5^™^" be a graded density such that 50 = 0. Then its component 0o (4.3) is 
an exact form on and = du^-i where ^ is given by the expression 

e = E E (-l)l^l4«+^0u;,. (4.6) 

|A|>OS+S=A 

Remark 4-1- Since elements of 5^ are polynomials in s^, the sum in the expression (4.5) 
is finite. However, the expression (4.5) contains a di^-exact summand which prevents its 
extension to C^. In this respect, we also quote the homotopy operator (5.107) in [35] which 
leads to the expression 

e = j imx^,xsi,dxn^, (4.7) 
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where A! = A^J ■ ■ ■ A^^! and A^ denotes the number of occurrences of the index ji in A. The 
graded forms (4.6) and (4.7) differ in a dij-exact graded form. 

Lemma 4.3. The complex (4-2) on X = is exact. 

Proof. The fact that a (i//-closed graded (1, m)-form (j) e S]^^^ is ciij-exact is derived from 
Lemma 4.2 as follows. We write 

= E<^X (4-9) 

where <f)\ G S^J^ are horizontal graded Tn--forms. Let us introduce additional variables 
of the same Grassmann parity as s^. Then one can associate to each graded (l,m)-form (p 
(4.9) a unique horizontal graded m-form 

4> = Y.^\st (4.10) 

whose coefficients are linear in the variables s^, and vice versa. Let us consider the modified 
total differential 

dH = dH + dx^ A J2 ^A+A^l 
|A|>0 

acting on graded forms (4.10), where is the dual of rfs^. Comparing the equality djj^^ = 
dx^s^_^_j^ and the last equality (2.13), one can easily justify that dntp = dH<j>- Let a graded 
(l,m)-form (p (4.9) be di^-closed. Then the associated horizontal graded m-form (p (4.10) is 
dij-closed and, by virtue of Lemma 4.2, it is djj-exact, i.e., (p — dn^, where ^ is a horizontal 
graded (m — l)-form given by the expression (4.5) depending on additional variables s^. A 
glance at this expression shows that, since (p is linear in the variables s^, so is ^ = ^a^a- 
follows that (p = dni where C = ECa A ^a- ^ remains to prove the exactness of the complex 
(4.2) at the last term Ei. If 

|A|>0 |A|>0 

a direct computation gives 

'J^dni. e = -E E (-l)""^iAds<+V (4-11) 

|A|>0 S+S=A 

□ 

Remark 4-2. The proof of Lemma 4.3 fails to be extended to complexes of higher contact 
forms because the products 9^ A 9^ and s^sf obey different commutation rules. 

(ii) Let us associate to each open subset U G X the BGDA S^j of elements of the C°^(X)- 
algebra whose coefficients are restricted to U. These algebras make up a presheaf over X. 
Let 6^ be the sheaf of germs of this presheaf and r(6^) its structure module of sections. 
One can show that 6^ inherits the variational bicomplex operations, and r(S^) does so 
(see Appendix C). For short, we say that r(6^) consists of polynomials in s%, ds% of locally 
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bounded jet order |A|. There is the monomorphism — > r(6^). Let us consider the 
complexes of sheaves 

^1 = ^(6^"), (4.12) 

(4.13) 

over X and the complexes of their structure modules 

^ R ^ riel) ^ r(e°^^) • • • ^ ne'^^ (4.i4) 
^ r(6^°) ^ r(6^^) • • • ^ r(6^") ^ r(so ^ o. (4.i5) 

By virtue of Lemmas 4.2 - 4.3 and Theorem 8.3, the complexes of sheaves (4.12) - (4.13) 
are exact. The terms 6^* of the complexes (4.12) - (4.13) are sheaves of C°°(X)-modules. 
Therefore, they are fine and, consequently, acyclic. By virtue of Theorem 8.4 (see Appendix 
D), the cohomology of the complex (4.14) equals the cohomology of X with coefficients in 
the constant sheaf M, i.e., the de Rham cohomology H*{X) of X, whereas the complex (4.15) 
is globally exact. 

(iii) It remains to prove the following. 

Proposition 4.4. Cohomology of the complexes (4-1) ~ (4-^) equals that of the complexes 

(4.14) (4-15). 

Let the common symbol D stand for the operators dn., 5 and q in the complexes (4.14) - 

(4.15) , and let denote the terms of these complexes. Since cohomology groups of these 
complexes are either trivial or equal to the de Rham cohomology of X, one can say that any 
D-closed element (f) G takes the form 

= ^ + De, eeF^,, (4.16) 

where ■?/' is a closed exterior form on X which is not necessarily exact. Since all D-closcd 
elements of F^ of finite jet order are also of form (4.16), it suffices to show that, if an element 
e 5^ is £)-exact in the module F^ (i.e., = D^, { e F^), then it is also in 5^ (i.e.. 

Let X be a (contractible) domain, and let an element e 5^ be D-exact in F^. Then, 
being D-cIoscd, it is D-exact in 5^ in accordance with Lemmas 4.2 and 4.3. Moreover, a 
glance at the expressions (4.5), (4.6) and (4.8) shows that the maximal jet order [tp] of (p 
is bounded by an integer N{\(f)\) which depends only on the maximal jet order [0] of (f). It 
follows that, a (f) — Dip is an arbitrary D-exact form of the jet order less than k, then the 
jet order of (p does not exceed N{k). We agree to call this fact the finite exactness of an 
operator D. 

Let X be an arbitrary manifold and U a domain of X. By virtue of Lemmas 4.2 and 4.3, 
the restriction of the operator D to F^|[/ (or, roughly speaking, the operator D on U) has 
the finite exactness property. Let us state the following. 

Lemma 4.5. Given a family {Ua} of disjoint open subsets of X , let us suppose that the 
finite exactness of the operator D takes place on each subset Ua separately. Then D on the 
union U Ua also has the finite exactness property. 
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Proof. Let e be a D-exact graded form on X. The finite exactness on UUa fiolds since 
— D(pa on every C/^ and all [(pa] < ^ 

Lemma 4.6. Suppose that the finite exactness of an operator D takes place on open subsets 
U, V of X and their non-empty overlap U DV. Then it is also true on U UV. 

Proof. Let 4> = Dtp G 5^ be a D-exact graded form on X. By assumption, it can be 
brought into the form Dipu on U and Dipv on V , where tpu and ify are graded forms of 
bounded jet order. Due to the decomposition (4.16), one can choose the forms ipui such 
that if — ipu on U and ip — py on V are D-cxact. Let us consider the difference — </?y 
on U r\V . It is a D-exact graded form of bounded jet order which, by assumption, can be 
written as pu — pv = Da where a is also of bounded jet order. Lemma 4.7 below shows 
that a — (Tu + CFv where uu and cry are graded forms of bounded jet order on U and V , 
respectively. Then, putting 

^'u = - Dau, ^'v = + Day, 

we have the graded form 0, equal to Dlp'^ on U and Dp'y on V, respectively. Since the 
difference (p^ — (p'y on U nV vanishes, we obtain = Dip' on t/ U where 

fdei ip'\u = V'u 
\(p'\v^ip'y 

is of bounded jet order. □ 

Lemma 4.7. Let U and V be open subsets of X and a a graded form of bounded jet order 
on U nV . Then a splits into the sum uu + (Ty of graded exterior forms ajj on U and ay on 
V of bounded jet order. 

Proof. By taking a smooth partition of unity on U UV subordinate to its cover {U, V} and 
passing to the function with support in V, we get a smooth real function f on U UV which 
is on a neighborhood Uu-y of U — V and 1 on a neighborhood Uy^u of V — U in U UV. 
The graded form fa vanishes on Uu-y D {U DV) and, therefore, can be extended by to 
U. Let us denote it au- Accordingly, the graded form (1 — f)a has an extension ay by to 
V. Then a = au + cry ^ desired decomposition because au and ay are of finite jet order 
which does not exceed that of cr. □ 

Lemma 9.5 in [10], Chapter V, states that, if some property holds on a domain and obeys 
the conditions of Lemma 4.5 and 4.6, it holds on any open subset of M". Hence, the operator 
D has the jet exactness property on any open subset of M" and, consequently, on any chart 
of the fiber bundle Q Xx Y — > X. Since the latter admits a finite bundle atlas with the 
transition functions (2.1) and (3.2) preserving the jet order, the finite exactness of D takes 
place on the whole manifold X in accordance with Lemma 4.6. This proves Proposition 4.4 
and, consequently. Theorem 4.1. 

Remark 4-3. Let us consider the complex 

0^R^<S^^<S^.--^5^^--., (4.17) 
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which wc agree to call the de Rham complex because {S^, d) is the differential calculus over 
the M-ring S'^. If X = M", it is exact ([14], Theorem 3.1). Similarly to the proof of Theorem 
4.1, one can show that the cohomology of the de Rham complex (4.17) equals the de Rham 
cohomology of X. 

Corollary 4.8. Every dn-closed graded form cf) e 5^™^" falls into the sum 

cj^^^l^ + dni, i^Sl^-\ (4.18) 

where ip is a closed m-form on X. Every 5-closed graded Lagrangian L e is the sum 

cl> = i; + dH^, ^eS'J^-\ (4.19) 

where ip is a non-exact n-form on X. 

The global exactness of the complex (4.2) at the term S^^ results in the following. 

Proposition 4.9. Given a graded Lagrangian L = Cuj, there is the decomposition 

dL^5L- dffE, E e (4.20) 
S = E ^....1 ^ F^'^'-'^'^X: = d^ -'^'C - d^F^^''-'^ + hT-''\ (4.21) 

where local graded functions h obey the relations — 0, h^^'^^k-ii-j^i _ q 

Proof. The decomposition (4.20) is a straightforward consequence of the exactness of the 
complex (4.2) at the term and the fact that ^ is a projector. The coordinate expression 
(4.21) results from a direct computation 

-dnE = -dnie^F^ + etF\^ + ■ ■ ■ + ^L.^^F^---^ + ^i^,.^.,.., A + ■ ■ ■] A = 

[e^d^F\ + e{^{F2 + d^F\^) + ■ ■ ■ + ^i,,.,....,(Fr^"-" + rf,F^+---^) + • • •] A ^ = 
r^A^i + et{d'xc) + ■ ■ ■ + ^^t.^....^i(^A""^-">c) + • • •] A(^ = 

e^{dxF^ - BaC) Auj + dL= -SL + dL. 

□ 

Proposition 4.9 states the existence of a global finite order Lepagean equivalent El — E+L 
of any graded Lagrangian L. Locally, one can always choose E (4.21) where all functions h 
vanish. 

5 Contact supersymmetries 

A graded derivation v e of the M-ring is said to be an infinitesimal contact su- 
pertransformation or, simply, a contact supersymmetry if the Lie derivative L„ preserves 
the ideal of contact graded forms of the BGDA (i.e., the Lie derivative L„ of a graded 
contact form is a graded contact form). 
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Proposition 5.1. With respect to the local basis {x^, s^, dx^, Q-^) for the BGDA S^, any 
contact supersymmetry takes the form 

v^VH + vv^ v^dx + {v^Oa + E dA^'^di), (5.1) 

|A|>0 

where v^, are local graded functions. 

Proof. The key point is that, since elements of can be identified as sections of a finite- 
dimensional vector bundle over X, so can elements of the C°°(X)-algebra S^. Moreover, 
any graded form is a finite composition of df, f e «S^. Therefore, the proof follows that of 
Proposition 2.3. □ 

The interior product vj0 and the Lie derivative L^^, e are defined by the same 
formulae 

v\{(f)Aa) = A(7+(-1)I^W'^]M0AH(t), 0,(7e5^ 

K(P ^v\d(f) + d{v\(f)), K{(f) A (7) = L„(0) A (T + (-1)M['^V A K{a). 

as those on a graded manifold. Following the proof of Lemma 2.4, one can justify that any 
vertical contact supersymmetry v (5.1) satisfies the relations 

v\dH(l) = -dH{v\(l)), (5.2) 
K{dH(l>) = o?if(L,0), e S*^. (5.3) 

Proposition 5.2. Given a graded Lagrangian L G , its Lie derivative hyL along a 
contact supersymmetry v (5.1) fulfills the first variational formula 

L^L = vv\SL + dH(ho(v\EL)) + dv(vH\oj)jC, (5.4) 

where = S + L is a Lepagean equivalent of L given by the coordinate expression (4-21). 

Proof. The proof follows that of Proposition 2.5 and results from the decomposition (4.20) 
and the relation (5.2). □ 

In particular, let t; be a variational symmetry of a graded Lagrangian L, i.e., L„L = rfj^cr, 
a e S^~^. Then the first variational formula (5.4) restricted to Ker^L leads to the weak 
conservation law 

0^dH{ho{v\EL)-(j). (5.5) 

Remark 5.1. Let us consider the gauge theory of principal connections on a principal bundle 
P — > X with a structure Lie group G. These connections are represented by sections of the 
quotient C — J^P/G — > X [32]. This is an affine bundle coordinated by {x^, a^) such that, 
given a section A oiC ^ X, its components A\ = a\o A arc coefficients of the familiar local 
connection form (i.e., gauge potentials). Let J°°C be the infinite order jet manifold of C X 
coordinated by (x'^, a); — l-^l' ^^'^ ^(X)(^) be the polynomial subalgebra of the GDA 
0*^{C). Infinitesimal generators of one-parameter groups of vertical automorphisms (gauge 
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transformations) of a principal bundle P are G-invariant vertical vector fields on P X. 
They are associated to sections of the vector bundle V^P = VP/ G ^ X of right Lie algebras 
of the group G. Let us consider the simple graded manifold (X, Slvgy) constructed from this 
vector bundle. Its local basis is (x^, G^). Let C^ry^Y be the BGDA of graded exterior forms 
on the graded manifold {X, Sljry^p), and C^{VaP) the direct hmit of the direct system (1.4) 
of these algebras. Then the graded product 

S*^iVG, G) = CliVcP) A Vl{G) (5.6) 

describes gauge potentials, odd ghosts and their jets in the BRST theory. With respect to a 
local basis (x^, a\, G'') for the BGDA 5^(Vg, G) (5.6), the BRST symmetry is given by the 
contact supersymmetry 

V = vld^^ + v'dr + E {dKvld^^^ + d^v'd^), (5.7) 

|A|>0 

where c^^ are structure constants of the Lie algebra of G and d^, Or, d^'^ are the duals of 
da\, dG^, da\^^ and dG^, respectively. A remarkable peculiarity of this contact supersym- 
metry is that the Lie derivative Ly along v (5.7) is nilpotent on the module of horizontal 
graded forms. 

In a general setting, a vertical contact supersymmetry v (5.1) is said to be nilpotent if 
L.(L„(/>) = Y: (^i^lK)^A + {-l)^'"^^'Xivid^d^)cl> = (5.8) 

|E|>0,|A|>0 

for any horizontal graded form e S^. 

Lemma 5.3. A contact supersymmetry v is nilpotent iff it is odd and the equality 

|S|>0 

holds for all v^. 

Proof. There is the relation 

d,o<a^ = <a^od,, (5.9) 

similar to (2.14). Then the lemma follows from the equality (5.8) where one puts (f) — 
and (f) — s^s^. □ 

Remark 5.2. A useful example of a nilpotent contact supersymmetry is the supersymmetry 

V = v^{x)dA + E dAV^9^, (5.10) 

|A|>0 

where all are smooth real functions on X, d\ are the duals of ds^, but all s"^ are odd. 
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6 Cohomology of nilpotent contact supersymmetries 



Let i; be a nilpotent contact supersymmetry. Since the Lie derivative L^; obeys the relation 
(5.3) , let us assume that the R-module S^* of graded horizontal forms is split into a bicomplex 
^gk,my ^j-f-jj respect to the nilpotent operator s„ (1.5) and the total differential dn which 
obey the relation 

Sy o dn + dn o s-u — 0. (6.1) 

This bicomplex 

. gk,m ^ gk,m+l g . gk,m ^ gk+l,m 

is graded by the form degree < m < n and an integer /c G Z, though it may happen that 
S'^'* — starting from some number k. For the sake of brevity, let us call k the charge 
number. 

For instance, the BRST bicomplex S^{C, VqP) is graded by the charge number k which 
is the polynomial degree of its elements in odd variables C^. In this case, s^, (1.5) is the 
BRST operator. Since the ghosts are characterized by the ghost number 1, /c G N, is the 
ghost number. The bicomplex defined by the contact supersymmetry (5.10) has the similar 
gradation, but taken with the sign minus (i.e., k = 0, —1, . . .) because the nilpotent operator 
s„ decreases the odd polynomial degree. 

Let us consider the relative and iterated cohomology of the nilpotent operator s^, (1.5) 
with respect to the total differential dn- Recall that a horizontal graded form (f) G S*'* is said 
to be a relative closed form, i.e., {Sy/dH)-closed form if 8^,0 is a (///-exact form. This form is 
called exact if it is a sum of an s^-exact form and a (///-exact form. Accordingly, we have the 
relative cohomology H*'*{sy/dH)- If a (s„/(///)-closed form is also (///-closed, it is called 
an iterated (s„|(i//)-closed form. This form is said to be exact if = + dncr, where ^ 
is a (///-closed form. Thus, we obtain the iterated cohomology if*'*(s„|(///) of the (s„, (///)- 
bicomplex S*'*. It is the term E2'* of the spectral sequence of this bicomplex [31]. There 
is an obvious isomorphism if*'"(s^;/(i//) = H*''^{sy\dH) of relative and iterated cohomology 
groups on horizontal graded densities. Forthcoming Theorems 6.2 and 6.5 extend our results 
on iterated cohomology in [21] to an arbitrary nilpotent contact supersymmetry. 

Proposition 6.1. Let us consider the complex 

0^R^5^i^5^i...^5^"i^0. (6.2) 

Its cohomology groups H"^^"'{dH) equal the de Rham cohomology groups H"^^"'{X) of X, 
while the cohomology group H'^^du) fulfills the relation 

H-{dH)/H-{X)^E,. (6.3) 



Proof. The complex (6.2) differs from the short variational complex (4.1) in the last term. 
Therefore its cohomology if"*^"^ ((///) equals the cohomology of the complex (4.1) of the form 
degree m < n. The formula (6.3) follows from the relations: (i) H'^{dH) — S^/dH{S^~^), 
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(ii) El = S^/Kei S, since S in the complex (4.1) is an epimorphism, and (iii) Ker 5 / dniS^ ^) — 
H"-{X) owing to the formula (4.19). □ 

Theorem 6.2. There is an epimorphism 

C : //"*<"(X) ^ (s„ I djj) (6.4) 

of the de Rham cohomology H"^{X) of X of form degree less than n onto the iterated coho- 
mology i7*'"^<"(s^|dj/). 

Proof. Since a nilpotent contact supersymmetry v is vertical, all exterior forms on X are 
Su-closed. It follows that d-cocycles on X are (s„|(iH)-closed. Since any dij-exact horizontal 
graded form is also (s„|dif)-exact, we have a morphism C, (6.4). By virtue of Corollary 4.8 
(and, equivalently. Proposition 6.1), any df^-closed horizontal graded (m < n)-form (f) is 
split into the sum = (/? + d^^ (4.18) of a closed m-form (p on X and a (///-exact graded 
form. Therefore, any (s„|(i/i-)-cocycle is the sum of a closed exterior form on X and a (in- 
exact graded form. It follows that the morphism C, (6.4) is an epimorphism. The kernel of 
the morphism C, (6.4) consists of elements whose representatives are s„-exact closed exterior 
forms on X. □ 

In particular, MX — R", the iterated cohomology if*'°^"*^"(st;|d//) is trivial in contrast 
with the relative ones. 

For instance, since coefficients of the BRST transformation v (5.7) consist of polynomials 
in ghosts of non-zero degree, exterior forms on X are never St;-exact and, consequently, 
C (6.4) is an isomorphism. However, this is not the case of the supersymmetry (5.10). 

Corollary 6.3. If exterior forms on X are only of zero charge number, the iterated cohomol- 
ogy i7^°'"*<"'(St;|(ij/) is trivial and ( (6.4) is an epimorphism if'"<"'(X) — >• i7°'"*<"(s^;|(ii/). 

In particular, this is the case of the contact supersymmetries (5.7) and (5.10). Moreover, 
if V is the BRST transformation (5.7), ( in Corollary 6.3 is an isomorphism. 

The bicomplex 5"*'* is a complex with respect to the total coboundary operator s„ = 
s„ -{-dfj- We intend to determine the relation between the iterated cohomology H*''^{Sy\dH) 
and the total s„-cohomology if*(s„) of the bicomplex S*'*. 

There exists the morphism 

7 : H<^{X) ^ H*{sy) (6.5) 

of the de Rham cohomology H^"{X) of X of form degree < n to the total cohomology 
H*{sv) similar to the morphism (6.4). The morphism 7 (6.5) associates to a closed m-form 
(f) of charge number k the s^-cocycle of total charge {k + m) whose representative is 0. Its 
kernel consists of elements whose representatives are St;-exact closed exterior forms on X. 

Theorem 6.4. There is a monomorphism of the iterated cohomology i7*'"'^"(s„|(i//) to the 
total cohomology H*{sy) which associates to an iterated {k,m)-cocycle [cp] the s^-cocycle of 
total charge {k + m) represented by the same graded form 0. 
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Proof. Any (st,|fi^) -co cycle, by definition, is a St;-cocycle. Using the formula (4.18) and the 
fact that exterior forms on X are s^-closed, one can show that: (i) any (s„|(ij:/)-coboundary 
is also a rfj/-coboundary and, consequently, a s„-coboundary, and (ii) if a (s„|(iii-)-cocycle is 
a s„-coboundary, then it is a (s„|(i//)-coboundary. This proves the statement. □ 

Turn now to the iterated cohomology -?J*'"(s„|(i//). This requires careful analysis since 
Proposition 6.1 imphes that the cohomology if "((i^) of the complex (6.2) fails to equal the 
de Rham cohomology H'^{X) of X. 

Theorem 6.5. PutH = H*{sy)/lm'y, where the asterisk means the total charge. There 
is an isomorphism 

H*'''{sy\dH)/H* = Ker7. (6.6) 



Proof. The proof falls into the following three steps, 
(i) First, we show the existence of a morphism 

?7 : ii"*'"(s„|ci/^) ^ Ker7 (6.7) 

from the iterated cohomology group H*''^{sy\dH) to Ker7. Consider a horizontal graded 
n-form 0„ which is (s„|dij)-closed. Then, by definition, St;0„ is dj^-exact, i.e., 

Sv(l)n + dH(pn-l = 0. (6.8) 

Acting on this equality by s^, we observe that Sy(f)n-i is a df^-closed graded form, i.e., 

Sy(j)n-1 + dH(t)n-2 = (6.9) 

where ipn-i is a closed (n — l)-form on X in accordance with Corollary 4.8. Since s^,,(/9„_i = 0, 
an action of Sy on the equation (6.9) shows that Sy4>n-2 is a dH-closed graded form, i.e., 

St;0n-2 + dH(f)n-3 = <Pn-2: 

where (pn-2 is a closed (n — 2)-form on X. Iterating the arguments, one comes to the system 
of equations 

S„0„_fe + dH(t)n-k-l = </?n-fc, < /c < n, S„0o = V'o = coust, (6.10) 

which can be assembled into descent equations 

Sy4) = (p, (6.11) 
= 0„ + 0„_iH h0o, ^ = </?n-iH K</^o- (6.12) 

Thus, any (st;|di7)-closed horizontal graded form defines descent equations (6.11) whose 
right-hand sides (p are closed exterior forms on X such that their de Rham classes belong to 
the kernel Ker7 of the morphism (6.5). For the sake of brevity, let us denote these descent 
equations by {(p). Accordingly, we say that a horizontal graded form (6.12) is a solution 
of descent equations {(p) (6.12). Descent equations defined by a (St^ld^) -closed horizontal 
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graded form 0„ arc not unique. Let 0' be another solution of another set of descent equations 
{(p') such that (j)n = <P'n- Let us denote A(/)fc = 0^—0^ and /S.ip^. = ipk—ip'^,. Then the equations 
(6.8) lead to the equation (iij(A0„_i) = 0. It follows from Corollary 4.8 that 

A0„_1 = dH^n-2 + ttn-l, (6.13) 

where q;„_i is a closed (n — l)-form on X. Accordingly, the equation (6.10) leads to the 
equation 

Sy{A4>n-l) + (ii/(A0„_2) = Aifin-l- 

Substituting the equality (6.13) into this equation and bearing in mind the relation (6.1), 
we obtain the equality 

It follows that 

A0„_2 = S„^„_2 + dnCn-S + Ol„-2, = dan-2 

where an-2 is an exterior form on X. Iterating the arguments, one comes to the relations 

^(f>n-k ^ Sy^n-k + dn^n-k-l + Oln-k, ^'Pn-k ^ dUn-k-l, 1 < k < U, (6.14) 

where an-k-i are exterior forms on X and, finally, to the equalities A0o = 0, Aipo — 0. 
Then it is easily justified that 

0-0' = s„a + 5, 5 = ^„_2 H 6, (6.15) 

(p — ip' = da, a = a^-i + ■ ■ ■ + ai. (6.16) 

It follows that right-hand sides of any two descent equations defined by a (s„|(iij)-closed 
horizontal graded form differ from each other in an exact form on X. Moreover, let 
(j)n and 0^ be representatives of the same iterated cohomology class in H*'^{Sy\dH)-i i.e., 
— (pn + + dnP, where ip is dn-closed. Let (pn provide a solution of a descent 
equation {(p). Then cf)'^ defines a solution 0' = + s„('0 + /3) of the same descent equation. 
Thus, the assignment (pn i— > {<f) yields the desired morphism r) (6.7). 

(ii) Let us show that the morphism rj (6.7) is an epimorphism. Let (phe a closed exterior 
form on X whose de Rham cohomology class belongs to Ker7. Let ip = (pn-i + • • • + be 
its decomposition in A;-forms (p^, k — 1, . . . ,n — 1. Then the family of exterior forms {(pk) 
yields a system of the equations (6.10) which can be assembled into the descent equations 
{(p) (6.11). Its solution exists because ip e Ker7. Let ip' differ from (p in an exact form, 
i.e., let the relation (6.16) hold. Then any solution (p of the equation {(p) yields a solution 
(p' = (j) — a (6.15) of the equation {ip') such that 4>'^ = It follows that the morphism r] 
(6.7) is an epimorphism. 

(iii) The kernel of the morphism rj (6.7) is represented by (su|dif)-closed horizontal graded 
forms (f)n which yield homogeneous descent equations 

s„0 = O. (6.17) 
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Let us define an epimorphism of tlie total coliomology if*(s„) onto Kerrj. For this purpose, 

let us associate to each s^,-cocycle its higher term 0„. The latter defines homogeneous de- 
scent equations (6.17) whose solution is 0, i.e., 0„ G Kerr]. Let = s^ip be a s„-coboundary. 
Its higher term (pn takes the form (pn = Syipn + dnipn-i, i-e., it is an iterated coboundary. It 
follows that the assignment (p ^ 4>n provides the desired epimorphism r : H*{sy) Kerr). 
The kernel of this epimorphism is represented by solutions (p of the descent equation (6.17) 
whose higher term vanishes. Following item (i), one can easily show that these solutions take 
the form (p = s^a + a, where 5 is a closed exterior form on X of form degree < n. Cohomol- 
ogy classes of these solutions exhaust the image of the morphism 7 (6.5), i.e., Im7 = Kerr. 
□ 

In particular, if the morphism 7 (6.5) is a monomorphism (i.e., no non-exact closed 
exterior form on X is St;-exact), the isomorphism (6.6) gives the isomorphism 

H*'-{Sy\dH) = H*{Sy)/H<^{X). 

For instance, this is the case of the BRST transformation (5.7) [21]. 

7 Conclusion 

In the present work, we follow the algebraic topological approach to describing Lagrangian 
field theories in terms of the variational bicomplex. This enables us to extend the cohomol- 
ogy analysis of Lagrangian BRST theory on R" to a generic contact supersymmetry on an 
arbitrary manifold X. Since only vector and afiinc bundles over X are involved, the corre- 
sponding cohomology characteristic is represented by the de Rham cohomology of X. In a 
general case of nilpotent contact supersymmetry s^;, its contribution however is not trivial 
because exterior forms on X are s^^-closed, but need not be s^-exact. For instance, this 
contribution is given by the kernel of the morphism 7 (6.5) in Theorem 6.5. Our analysis 
seems important for BV quantization of field systems with non-contractiblc topologies, e.g., 
gravitation theory and topological field models. We also bear in mind the extension of BV 
quantization to field systems where parameters of gauge transformations may depend on 
field variables and their derivatives [18]. For instance, this is the case of spinor fields in 
gauge gravitation theory [37]. 

Acknowledgement. The authors would like to thank a referee for carefully reading the 
manuscript and numerous suggestions. 

8 Appendixes 

Appendix A. Since y is a strong deformation retract of any finite order jet manifold J^Y, 
the de Rham cohomology of the GDA O^^ is easily proved to equal the de Rham cohomology 
H*{Y) of Y in accordance with Theorem 8.3 [2]. However, we must enlarge in order to 
find its dn- and 5-cohomology. 

Outline of proof of Theorem 2.1. One starts from the algebraic Poincare lemma [35, 43]. 
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Lemma 8.1. If Y is a contractible bundle W^'^p — > R", the variational bicomplex (2.4) is 
exact. 

For instance, the homotopy operators for dy, dn, S and g are given by the formulae 
(5.72), (5.109), (5.84) in [35] and (4.5) in [43], respectively. 

Let D* be the sheaf of germs of exterior forms on the r-order jet manifold J^Y, and let 
be its canonical presheaf. There is the direct system of presheaves 

^ Do ^ Oi • • • ^ O, ^ • • • . 

Its direct limit D*^ is a presheaf of GDAs on the infinite order jet manifold J°°Y. Let Tj^ be 
the sheaf of GDAs on J°°Y constructed from the presheaf O^, i.e., is the shef of germs 
of (we follow the terminology of [28]). The structure module r(X^) of sections of 
is a GDA such that, given an element G r(T^) and a point z e J°°Y, there exist an open 
neighbourhood U of z and an exterior form 0*^^^ on some finite order jet manifold J'^Y so 
that (plu = Ti'j^* (p^'^^u . In particular, there is the monomorphism (9^ r(Tj^). The fact 
that the paracompact space J°°Y admits a partition of unity by elements of the ring r(X^) 
[42], enables one to obtain dn- and 5-cohomology of r(T^) as follows [1, 2, 41, 42]. 

The sheaf is split into the bicomplex T^*. Let us consider its variational subcomplex 
and the complexes of sheaves of contact forms 

0^R^ll^%'^'---^^^-^<Br^e2^---, Sfe = ^?(T^"), (8.1) 
0^T^°^T^^---^2:^"^6,^0, (8.2) 

together with complexes of their structure modules 

^ M ^ T{%1) ^ 1(11^1) ■ • ■ ^ rci;^") r(gi) ^ r(€2) ^ • • • , (8.3) 
^ r(T^°) ^ r(T^^) • • • ^ r(T^'^) ^ r(€,) ^ o. (8.4) 

By virtue of Lemma 8.1 and Theorem 8.3, the complexes (8.1) - (8.2) are exact. Since T^* 
are sheaves of r(T^)-modules, they are fine. The sheaves (S^ are also proved to be fine 
[21, 41]. Consequently, all sheaves, except M, in the complexes (8.1) - (8.2) are acyclic. 
Therefore, these complexes are the resolutions of the constant sheaf M and the zero sheaf 
over J^Y, respectively. In accordance with the abstract de Rham theorem ([28], Theorem 
2.12.1), cohomology of the complex (8.3) equals the cohomology of J°°Y with coefficients in 
IR, while the complex (8.4) is exact. Since F is a strong deformation retract of J°°Y [2, 22], 
cohomology of the complex (8.3) is isomorphic to the de Rham cohomology of Y. 

Note that, in order to prove the exactness of the complex (8.4), one can use a minor 
generalization of the above mentioned abstract de Rham theorem (see Appendix D), and 
need not justify the acychcity of the sheaves €k [42] . 

Finally, the subalgebra C r(T^) is proved to have the same dn- and 5-cohomology 
as r(T^) [21, 41]. Similarly, one can show that, restricted to O^, the operator g remains 
exact. □ 

The following is a corollary of item (i) of Theorem 2.1 (cf. Corollary 4.8). 
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Corollary 8.2. Every dn-closed form cf) e O0,m<n ^^^^ 

cp = ho^ + dH^, ^eO'^^-\ (8.5) 
where ip is a closed m-form on Y. Every 5 -closed Lagrangian L e O'^ is the sum 

L = h^^ + dHi, i^O'^-\ (8.6) 

where ip is a closed n-form on Y . 

Note that the formulae (8.5) - (8.6) were obtained in [1] by computing cohomology of 
the fixed order variational sequence, but the proof of the local exactness of this sequence 
requires rather sophisticated ad hoc techniques. 

Appendix B. Let us consider the open surjection 7r°° : J°°Y — > X and the direct image 
TT^X^ on X of the sheaf of exterior forms on J°°Y . Its stalk at a point x & X consists 
of the equivalence classes of sections of the sheaf which coincide on the inverse images 
{t:°°)~^{Ux) of open neighbourhoods of X. Since {ti°°)~^{Ux) is the infinite order jet 
manifold of sections of the fiber bundle t^~^{Ux) X, every point x E X has a base of 
open neighbourhoods such that the sheaves T^* and (Bk in the proof of Theorem 2.1 
are acyclic on the inverse images (7r'^)~^{Ux) of these neighbourhoods. Then, in accordance 
with the Leray theorem [23], cohomology of J°°Y with coefficients in the sheaves and 
€fc is isomorphic to that of X with coefficients in their direct images tt^T^* and vr^^fc, i.e., 
the sheaves tt^T^* and tt^^a; over X are acyclic. Let y — > X be an affine bundle. Then 
X is a strong deformation retract of J°°Y. In this case, the inverse images {7r°°)~^{Ux) of 
contractible neighbourhoods Ux arc contractible and tt^R = R. Then, by virtue of Lemma 
8.1, the variational bicomplex Tj^ of sheaves over {7r°°)~^{Ux) is exact, and the variational 
bicomplex tt^T^ of sheaves over X is so. There is an R-algebra isomorphism of the GDA 
of sections of the sheaf tt^I*^ over X to the GDA r(T;„). Thus, the GDA r{%l^) and its 
subalgebra can be regarded as algebras of sections of a sheaf over X. 

Appendix C. Let us associate to each open subset U G X the bigraded algebra 5^ of elements 
of the C°°(X)-algebra whose coefficients are restricted to U. These algebras make up a 
presheaf 

{5*,r^|r^5* ^5*} (8.7) 

over X. Let 6^ be the sheaf constructed from this presheaf. Its stalk 6* at a point x E X 
is the direct limit of the direct system of R-modules {iS^,ry}, indexed by the directed set 
of open neighbourhoods U of x. This stalk consists of the germs of elements of at x, 
i.e., elements of the presheaf (8.7) are identified if their restrictions (namely, the restrictions 
of their coefficients) to some open neighbourhood of x coincide with each other. Let <S* 
be the subalgebra of the BGDA on X — which consists of elements with constant 
coefficients. Then S* is the stalk of germs of 5*-valued functions on X. It is a bigraded 
algebra isomorphic to the tensor product (8>m S* of the M-algebra of the germs of 
smooth real functions on X at a; and the R-algebra S*. This stalk is naturally decomposed 
into C^-modules 6^'"* of the germs of graded {k, m)-forms on X. 
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Let the common symbol A stand for all the operators {d,dH, dy, g and S) on the BGDA 
iS^. It is an M-module morphism whose restrictions Au to 5^ intertwined by the restriction 
morphisms Ty (8.7) constitute the direct system of morphisms 

{Au,4 I r^oAu^Ayor^}, (8.8) 

indexed by the directed set of open neighbourhoods U of x. Its direct limit A^; is an M-module 
morphism of the stalk &*. The properties of the direct limit of morphisms are summarized 
by the following theorem [33] . 

Theorem 8.3. The direct limit of a direct system of complexes {C^, i & 1} is a complex 
whose cohomology is the direct limit of that of the complexes C* . 

It follows that the stalk &* is a BGDA which contains the complexes corresponding to the 
subcomplexes of the variational bicomplex (3.6) of the BGDA S^. Since, d^ = dux + dy^ 
and the operators dx, dnx, dyx are nilpotent, we have a bicomplex &*'*. Moreover, the 
vertical differential dyx on 6* = ®r S* comes from the operator dy on S*. Therefore, 
Sx = Qx ° dyx and the subcomplexes of &* can be assembled into the variational bicomplex. 
Accordingly, the sheaf of germs of graded exterior forms on X constitutes the variational 
bicomplex 

(o^, e:^*, = Qie'^^y, d, d„, dy, g, 5), (8.9) 

where the operators on are denoted by the same symbols as those on the BGDA <S^. 

Let r(©^) be the bigraded algebra of sections of the sheaf S^. Given an arbitrary 
section s of r(6^), there exists an open neighbourhood U of each point x E X such that 
s\u is an element of the presheaf (8.7). It follows that r(©^) can be provided with the same 
operators d, dn, dy, g and 5 as the BGDA which make it into the Z2-graded variational 
bicomplex, analogous to that of S^. The homomorphism — > r(6^) is a monomorphism. 

Appendix D. We quote the following minor generalization of the abstract de Rham theorem 
([28], Theorem 2.12.1) [20, 22, 42]. Let 

O^b >bQ >bi > >bp >bp+i, P>1, 

be an exact sequence of sheaves of abelian groups over a paracompact topological space Z, 
where the sheaves Sg, < q < p, are acyclic, and let 

^ r{z, s) ^ r{z, So) ^ r{z, Si)^---"^ t{z, s^) ^ t{z, s^+i) (8.10) 

be the corresponding cochain complex of structure groups of these sheaves. 

Theorem 8.4. The q-cohomology groups of the cochain complex (8.10) for < q < p are 
isomorphic to the cohomology groups H'^{Z,S) of Z with coefficients in the sheaf S. 
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